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| Objective]

Simulatethe behaiour of a systemof rigid bodiessubjectto contact,
friction andjoint constraintavith

(generalizedpositionsg.
(generalizedyelocitiesv.
massM (q) (positive de nite),

subjectto externalforcek(t; g; v).




a0

At contact

| Contact and (Coulomb) Friction Model|

Noninterpenetratio@onstraints( ) Ocomplementaryoc, O
(normalimpulse/force).

Tangeanace;jeneratorslﬁ(q) = B(0);8(qg) ,tangentforce
multipliers: 2 R?. Tangentforce/impulsebecomeib(q) .

Conicconstraintsjj jj ¢, where isthefriction coefcient.

vI B (q)P.

Max DissipationConstraints = algminjj bji ¢\




| Acceleration Formulation |

d2 X i xXP , . _ .
M(Q)Wg (i) (1) n i’ +pW(q © = k(t q
i=1 j=1
g = 0 = 1::'m
W 0,  complto c) 0 j=1:::p

= agminy,v' D(g)Y) PY) subjectto b(i) W) =1:0p

Here = O p) =, )

It is known thattheseproblemsdo not have a classicalkolutionevenin 2
dimensionswherethediscretizedconecoincideswith thetotal cone.




| Time-steppingschemsd

UseEulermethod half-explicit in velocities linearizingthegeometrical
constraints. Fundamentavariables:velocitiesandimpulsesh force).

X X o L
M D) (ni)c+ pW )y = pk
i j 2A
O+ = i = 1:m

() =n®"' V1 o compl.to ci) 0 j2A
= W)+ pWTy*t 0 compl.to ) 0, j2A
() = (j)C(nj) e’ () 0; compl.to ) o i 2 A:

Here () = () nl) =y () histhetimestep.ThesetA consists
of the active constraints(AnitescuandPotra,1997pasedon (Stavart

andTrinkle, 1996)
Thetime-steppingschemeéhasa solutionalthoughthe

classicaformulationdoesnt!




| Discretized Friction Model |

di( GC ) is the column cor-
respondingto t( i), i 2
0; 1,1 = 1;,2;:::;1,D(q) =
[d1;dy; :idi].

To eachtangentialdirectionwe
attach a force 0,1 =
1;2;:::;1. Wedenoteby =

Polygonalcone approximationto
the Coulombcone( 3D).

The frictional constraintsbe-
come

= argmin, ,v'D(Q)P subjecto




| Matrix Form of the Integration Step|

0
0
0
E
0




| The needfor constraint stabilization |

Thepositionsareupdatedoy o' = g + hyv(*1)

Dueto theindex reduction, the (geometrical)oint andnon

Interpenetratiorronstraintswhich de ne thefeasibleset

n 0O
F= q (i)(q) =01 i m; (j)(CI) 0,1 ] Nita

arereplacedoy constraintsatthevelocity level.

This maycreate constrainrift, in which the constraintinfeasibility
keepsgrowing. In interactve simulationthisis particulatlyannging,
sincegeometricalnconsisteng is easyto notice




| Example of constraint drift |

Infeasibility for projected velocity method

20 30 40 50 60 70 80 90
time

Infeasibility for the linearization method
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A

20 30 40 50 60 70 80 90
time

Comparisorof constrainterrorthe original methodandmodi ed method
(to bepresentedater)for apendulumexample. Ratioof infeasibilities
getsto about10°!




| Preventing constraint drift |

Changdheapproacho anonlinearandpotentiallynoncoiwvex
optimizationproblem.

Performa nonlineamrojectionaftereachLCP (andeventually
preservinghegoodenegy propertieg AnitescuandPotra2002). If
thereis nofriction the projectionmaybe morecostlythanthe LCP.

Perform onestepof an SQPappliedto the nonlinearprojection
problem(Cline andPali, 2003. NeedsanadditionalQuadratic
Program/stepExtensionof (Ascher Chin, Reich1994)from DAE.

Modify theright handsideof the LCP with anappropriatdunction
of theinfeasibility (parametefree, (Jean,1999,w/oanalysis)andthis
work, (AnitescuandHart 02)) and(Miller andChristianser®2) and
(Anitescu,Miller andHart03). Thisapproachusesno additional
subproblem®r projections.




| Stabilized time-steppingschemsé

(n(j)cgj)+ DU )y = hk

-0 0 compl.to cV) 0j2A

D) + pOT*H 00 compl.to @) 0j2A
ety &' @ 0 compl.to @ 0;j2A:
Recall =1 O pi=r O g*) = g+ hy(*D)

Theterm ) () corespondso the corvex relaxationalgorithm pro-
posedby (AnitescuandHart,2002) Stabilizationworksw or w/o it.




| Why doesit work? |

Considerthe onecontactcasewherewe enforcethe constraintoy a
penalty(smoothingmethod).

) 2
M (g) 0 enforcedby penaltyforce @ (gp= @ ()

where &) is averylarge parameterDynamicsbecomes

o= v
M& = kgv)+ D@rq D(g:
Apply backwardEuler, where & (gU'*1) ) is replacedy its linearization
D@Dy Oy + hyr g © (gD)T 0D

Take thelimit astime steph, is xedand W I 1 and...




| Why doesit work (2)?|

... we obtain

gD = g+ hv*D
(1+1) (1) P N -
vy k(D5 g5 vMy + 7 M G (1))

WMy + hr ( g)Tv(+D)

whichis preciselyour scheme




| Assumption: pointed friction coneassumption|

Friction cone:setof all possibleconstraintreactionimpulses:

n
FC(g) = t=~ +rcp,+D7 ¢y O T O
0
(1) 1 (J)ng); 8 2 A

De nition (PangandStevart1999)F C(q) is pointedif
O=~ +rch,+D"2FC(Q);cn 0, = 0) cC;C; =0

Thisassumptions essentialn ensuringcorvergenceto a differential
Inclusionsash,; ! 0O (Stavart 2000)andsohability of time-stepping
schemaindermoregenerakonditions(PangandStevart 1999)

This assumptionmpliesthatthe con gurationis disassemblablat g
(Anitescu,CremerandPotral995)




| Main Result: assumptionsand setup|

De nition: TheactvesetA = jj1 j n;  U(gh) ~».
Thefriction coneis uniformly pointedfor all con gurations.

The geometricaddataof the problem,aretwice continouslydiffer-
entiable in aneighborhooaf thefeasiblesetF.

Theexternalforceincreasest mostlinearly in positionandvelocity.

Theratio betweersuccesie time stepss uniformly lower bounded
h 1

h Ch
Themassmatrix is constan{Newton-Eulerbodycoordinates).

Thereis noinitial infeasibility andthe coefcient of restitutionis O.




| Main result, continued|

Thenfor ary x edtimeinterval T, thereexistsanH > 0, andaV > 0
andC > 0 suchthatif h; < H, 8I, we have that

1. vl v, 8l
2.1fj 2 A then U)(g"*P) 0.

3. Theinfeasibility, de ned as
n

0
1(Q) = max 0, (o ; Y(a

1 0 m 1 j nNital

satisesl (") C hvi*D ° 8l

a) T'helastconclusiondemonstratesonstrainistabilization

b) H = 1 if geometricabdatahasuniformly boundedseconderiva-
tives,




| Main technicaltool |

min, ZvIM v+ JONRY

. . s\ T
subjecto n@) v+ dl) y

i:1;2;:::;mg); ] 2 A
T, — W@ . _ 4.9, :
(1) vV = h|q . |—1,2,...,m.
Thesolutionof the LCP for boththe originalandcorvex relaxation

schemas a solutionof thisQPfor some () 0,j 2 A andR(®.
TheQPsatis esMFCQ if andonly if thefriction coneis pointed

Thereexistsac > 0, suchthat,for all I,

v(+D T (D (1+D) VOIVICNOIEROIVIOREIRG

(gD ch?vi, ; if [ g™ 12 N (F)




| Example of non differ entiablility of the signeddistance|

y

(Jn
(x,y)

Signeddistancedi»(q) = jyj R IS not differentiable

everywhere!

H
2

It is, however, differentiableoverthe setd;»(0Q) for ary

<R+ H7 . We areOK if theinfeasibility is nottoo large.




| Elliptic body simulation |

Ellipse Simulation

0 1 1 1
-8 -6 -4 -2 0 2 4 6 8

We presentenframesof the simulationof anelliptic bodythatis dropped
onthetable.Thereis aninitial angularvelocity of 3, thebodyhasaxes4
and8 andis droppedirom a heightof 8.




| Infeasibility behavior unstabilized versusstabilized metod|
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We seethatdrift becomesatastrophidor the unstabilizednethod,
whereagemainsn anarrav rangefor the stabilizedmethod.
Constraintstabilizationis accomplished!




| Infeasibility comparisonfor 21 body simulation |

21 disks simulation, unstabilized constraint infeasibility

|

1 2 3 4 5 6 7 8 9 10
Time

21 disks simulation, stabilized constraint infeasibility

T T T T T T T T T

|

21 disksof radius3 on a plankstartingfrom the cannoballarrangemenat
rest. Stabilizedmethodstill hasa muchlower infeasibility. Thetime-step
Is 50ms,andthe LCP is solvedin atmost30 msat every step.

0.25

Time




| Brazil nut effectsimulation |

Time stepof 100ms for 50s.270bodies.

Corvex RelaxationMethod. OneQP/step No collision backtrack

Frictionis 0:5, restitutioncoefcient is 0:5.

Large ball emepgesafterabout40 shales. Resultan the sameorder
of magnitudeasMD simulationgbut with 4 ordersof magnitude
largertime step).




| Brazil nut effect simulations performance|

Time spent solving QPs

20 25 30
time

Number of active contacts




| Conclusionsand futur e work |

We de ne amethodthatachiezesconstraintstabilizationwhile
solvingonly linearcomplementarityproblemperstep

Our methoddoesnot needto stopanddetectcollisionsexplicitly and
canadwancewith a constantime stepandpredictableamountof
effort perstep

The methodhasbeenextendedo a parametriosersionthatis usedin
aroboticgraspsimulator(Miller andChristiansen2002)and
(Anitescu,Miller andHart, 2003)

Futurework: Nonsmoothparticlesandstabilizationproof for
nonzerocoefcient of restitution.FastQP Solver. Cornvergencefor
relaxationschemeash ! 07?




